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Abstract 

For an algebra B with an action of a Hopf algebra 7i we establish the pairing between 
equivariant cyclic cohomology and equivariant if-theory for B. We then extend this formalism 
to compact quantum group actions and show that equivariant cyclic cohomology is a target space 
for the equivariant Chern character of equivariant summable Fredholm modules. We prove an 
analogue of Julg's theorem relating equivariant i^-theory to ordinary if-theory of the C*-algebra 
crossed product, and characterize equivariant vector bundles on quantum homogeneous spaces. 

Introduction 

This paper is part of a project which aims to extend the theory of noncommutative geometry of 
Connes jUj to g-homogeneous spaces in such a way that the various g-deformed geometric notions 
play as natural a role as possible. This is beneficial from the point of view of computations. In this 
paper we focus on the pairing between equivariant cyclic cohomology and equivariant i\-theory, 
acknowledging the Chern character as the backbone of noncommutative geometry. 

Equivariant cyclic cohomology for group actions was introduced in |KKL| . It is straightforward 
to generalize these results to the context of Hopf algebras with involutive antipode. In the general 
case the pertinent formulas are less obvious. Several approaches have been proposed in |AKHlA"K2| . 
In the previous version of this paper we introduced equivariant cyclic cohomology in the case when 
the Hopf algebra admits a modular element, by which we mean a group-like element implementing 
the square of the antipode. However, this cyclic cohomology turns out to be isomorphic to the one 
introduced in the latest version of |AKlj . so we prefer working with the latter definition. 

In Section ^ we establish basic properties of equivariant cyclic cohomology such as Morita 
invariance and the construction of the trace map. In Section |21 we set up the pairing between 
equivariant cyclic cohomology and the equivariant -fT-groups. Restricting to the case when the Hopf 
algebra in question has a modular element, we discuss the relation of this pairing to twisted cyclic 
cohomology KMT] . In Section |3] we extend these results to compact quantum groups in that we 
replace the Hopf algebra by the algebra of finitely supported functions on the dual discrete quantum 
group. Incorporating equivariant summable even Fredholm modules allows us to state an index 
formula. In the remaining part of the paper we study equivariant iT-theory for compact quantum 
group actions. We establish its relation to ordinary if-theory of the crossed product algebra, thus 
generalizing a result of Julg fj| . Finally we obtain an analogue of the fact that equivariant vector 
bundles on homogeneous spaces are induced from representations of the stabilizer group. 

1 Supported by the Norwegian Research Council. 
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1 Cyclic cohomology 
1.1 Cocyclic objects 

Recall [Q that a cocyclic object in an abelian category C consists of a sequence of objects C n in C, 
n > 0, together with morphisms 



d n. C n-1 ^ C n g n. (jn+l ^ 0n ^. ^ ^n^ (0 < i < n) 



that satisfy 



W 1 


— d n d n ~ l 

— u % u j-i 


for i < j; 


n n+1 


— c n s n + 1 

- b i 


for i < j; 


„n m+1 


- a i s j-i 


for i < j; 




= i for i 


= j or i = j + 1 


s n d n+l 


- di-iSj 


1 for i > j + 1; 



t n d™ = df^tn^i for i > 1, and t„c?Q = d"; 

e +1 = t . 



Every cocyclic object gives a bicomplex 



6 T -V t & T T 

(7 2 ^ C 2 ^ C 2 (7 2 
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C° 1 — ^ C° ^ C° — ^ (7° 



with morphisms b n = EILo!" 1 )^' K = ££b (~ W> A " = (~l) n *n and ^ = HU A n- 
The cyclic cohomology HC* of a cocyclic object is by definition the cohomology of the total 
complex associated to its bicomplex, whereas the Hochschild cohomology HH' is defined to be the 
cohomology of the complex (C',b). A cocyclic object yields a long exact sequence, referred to as 
the IBS-sequence of Connes, written 

^ j-[(j n L ) Hff n — > HC n ~ x — ) HC nJrX - ) 

where S is the periodicity operator and B n = N n s™i n+ i(i — A n+ i). 

We denote the cohomology of the complex (Ker(i — A), b) by H*. The equality HC = H' holds 
whenever the objects C n are vector spaces over a ground field that contains the rational numbers. 
In this case the periodicity operator gives the periodic cyclic cohomology HP and HP 1 as direct 
limits of HC 2n and HC 2n+1 , respectively. 

1.2 Equi variant cyclic cohomology 

By (Tt, A) we mean a Hopf algebra (over C) with comultiplication A, invertible antipode S and 
counit e. We adapt the S weedier notation 

A n (uj) =W(o)®...®W(„) > 
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(with summation understood) where A n = (t ® A)A n . Let B denote a unital right 7Y-module 
algebra, that is, a unital algebra with a right action < of TL on B such that 

(fr^)^ = (bi<^(o))(b2<^(i)) and 1<cj = e(uj)l. 

Following |AKlj we introduce a cocyclic object in the category of vector spaces using the above 
data. The associated cyclic cohomology is called the equivariant cyclic cohomology of B and denoted 
by HC^(B). Likewise we write HH^B) and HP^(B) for the equivariant Hochschild cohomology 
and the equivariant periodic cyclic cohomology, respectively. Let C n = C^{B) be the space of linear 
functional / on TL ® that are 7^-invariant in the sense that 

uj>f = e(u)f for all uj <G TL. 

Here the left action t> of TL on the space of linear functionals on TL ® J B®( n,+1 ) is given by 

(uJ>f)(r] ® 6 ® • • • ® b n ) = /(S'" 1 (a;(o))r/u;(i) ® 6 <iW(2) ® • • ■ ® 6 n <iW( n+ 2)). 

To see that this actually is a left action, recall that the tensor product X\ ® X2 of two right 
^-modules X% and X2 is again a right 7^-module with action 

(xi ® X2)<iw = aJi<a>(o) ® X2<la;(i). 

Thus, considering TL itself as a right 7^-module with respect to the action 

7]<u = 5 ,_1 (o; (0) )r/w (1) , 

we regard TL®B^ n+1 ^ as a right TL- module, which in turn shows that the space of linear functionals 
on TL ® is a left ^-module. Now define 

(i n /)(u;(g>&o®...®6n) = 7(^(0) ® &n<^(i) ® 60 ® • • • <8> b n -i), 

(s2f)(u>®b ® ...®b n ) = f(u®b ® ...®bi®l®b i+1 ® ...<g>&„), 

(cZf/)(u; ® 6 ® • • ■ ® b n ) = /(^ ® ^0 ® • • • ® &i— 1 ® bib i+ i ® 6j +2 ® . . . ® 6 n ) for i<n 

and put = t n dQ. These formulas give linear maps 

t n : Cft(B) - C&(B), df: C£\B) - C%(B), sf: Ctf\B) - C&(B) 

which define a cocyclic object in the category of vector spaces. Indeed, if we consider a new Hopf 
algebra (Tt\, Ai) with TL\ =TL and Ai = A op , and define a left action of TL\ on B by u»b = b<S(u>), 
then the correspondence /•—>/, where 

/(&0 ® ■ ■ • ® &,0(w) = /(^(w) ® 6 ® • • • ® &n)> 

defines an isomorphism of the cocyclic object above with the cocyclic object associated with the 
left Wi-algebra B as defined by |AKlj . The axioms of the cocyclic objects can also be checked 
directly. We include a proof of the most critical identity = l: 
Note that 

(*n +1 /)(^ ® b ® . . . ® b n ) = f(U(p) ® &0<^(1) ® • • • ® &n<lW( n+ i)). 

Hence it suffices to show that if X is a right 7i-module and / is a linear functional on TL ® X such 
that 7y>/ = e(r])f, then 

/(U> ® x) = f(U(p) ® X<U (1) ). 

Due to the identity cj = W( ) < " J (i) we indeed obtain 

/(w( ) ® x<3w (1) ) = /(w( )<W(i) ® x<w (2 )) = e(o;(i))/(a;(o) ® x) = f(u ® x). 
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1.3 Morita invariance 

Let X be a right W-module and let End(X) denote the algebra of all complex linear maps on X. 
Write nx for the antihomomorphism TL — > End(X) given by the right 7^-action. Then End(X) is 
clearly a right ^-module algebra with respect to the adjoint action 

T<lo = 7rx(w ( o))T7rxS~V ( i)). 

If in addition X is a unital algebra, we identify X with the subalgebra of End(X) consisting of those 
endomorphisms which are given by multiplication from the left. In this case the adjoint action on 
End(X) restricts to the original action of TL on X if and only if X is a right 7^-module algebra. 

Lemma 1.1 For any right TL-module X, the subalgebra End(X) ® B of End(X (8 B) is an TL- 
submodule with respect to the adjoint action ofTL on End(X (£>B), where the tensor product X <S>B 
is regarded as a right TL-module. Moreover, the adjoint action on End(X) ®B is given by 

(T ®b)+uj = 7rx(w (0) )T7rx5'~ 1 (w ( 2)) <8 b<xo {1) , 

for which End(X) <g> B is a right TL-module algebra. 

Proof. First observe that ttx®b(u) = irx(^(o)) ® 7F b( u; (i))- To any b € B define L b to be the 
endomorphism on B given by left multiplication with b. Then for T £ End(X), we derive 

(T®L b )<u) = 7r x ® B (w( ))(T <g> L fe )vrx®B5' _1 (a;( 1) ) 

= 7rx(w(o)) T7 i"x5'~ 1 (a;(3)) <8 7r B (o;( 1 ))L 6 7r B S" _1 (a;(2)) 
= 7rx(^(o))T7rxS' _1 ( w (2)) ® L b<u)(1) . 

It is now immediate that End(X) <g> B is an 7Y-submodule subalgebra of End(X <8 B). 

■ 

Note that B is in general not an 7Y-submodule subalgebra of End(X) <S> B, while End(X) is. 
Remark also that since End(X) and B are right W-modules, one can consider the 7^-module tensor 
product action 

(T <8 b)<uj = T<uj^ (g> b<uj(iy 

When the Hopf algebra TL is cocommutative this action coincides with the action above. In general, 
however, these two actions are different, and End(X) ®B equipped with the tensor product action 
need not even be an 7^-module algebra. 

Suppose now that X is finite dimensional. For each n > and / G C^(B), define 

(* n /)(u; <8 (T ® 6q) <8 ■ ■ • ® (T n (8) b n )) = f(u (0) (8 &o <8> . • • <8 b^T^xS" V(i)) r o . . . T n ), 

where Tr is the canonical non-normalized trace on End(X). 

Lemma 1.2 T/ie formula above gives maps 

C%{B) -> C£(End(X) ® 6), 

which constitute a morphism of cocyclic objects, and thus induces homomorphisms 

[^ n ]:HC^{B) -» FC£(End(X) 
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Proof. Let / £ C^(B). To check 7Y-invariance of ^ n /, compute 
(^ n /)((r? (T b ) ® ... ® (T n ® 6 n ))<o;) 

= (* n /)(5' _1 (^(o)) r ? w (i) ® (7rx(w( 2 ))To7Tx5' _1 (a;(4)) ® &o<^(3)) ® • • • 

• • • ® (7rx(w( 3n+2 ))T n 7rx5' _1 (a;(3 n+ 4)) ® 6n<W( 3fl +3))) 

= /(5 ,_1 (^(i)) ? ?(0)^(2) ® &0<^(5) ® • ■ ■ ® 6„<W(3 n+ 5))Tr(7rx5' _2 (a; (0) )7rx5' _1 (r/ (1) ) x 
Xtt x S~ (w(3,))irx(u(4))T TrxS~ (a; (6) ) . . . 7rx(w( 3n+ 4))r n 7rx5' _1 (w(3 n+6 ))). 

Using the identity 7rx5 ,_1 (w( ))vrx(w(i)) = repeatedly, this expression simplifies to 
/(S _1 (^(i))^(o)^(2)®&o<W(3)®- • •«'fen<iW(n+3)) Tr ( 7I "x5' _2 (^(o)) 7I "x5' _1 (r/ (1) )To . . .T n 7rxS'~ 1 (a; (n+ 4 ) )) 

= e(w(i))/(r/( ) ® bo ® • • • ® 6„)Tr(7rx5'" 2 (w( ))7rx5' _1 (??( 1 ))ro . . . T^xS -1 ^))) 

= f(V(p) ® &o ® • • • ® 6„)Tr(7rx5'~ 2 (w( )S'(a;(i)))7rx5' _1 (?7( 1 ))ro . . . T n ) 

= e(w)(¥ ft /)(»7 ® (r ® 6o) ® • ■ ■ ® (T n ® &„))■ 

Thus ^ n is a well-defined map C^(£>) — > C^(End(X) ® 0). It is readily verified that Vt* commutes 
with the maps t n , d™ and s". 

■ 

Suppose p £ End(X) is an idempotent such that p-^uj = e(u)p and pX is a submodule with 
trivial "H-action. In other words, itx(uj)p = pirx(u) = e{u)p. Then the map <£ p : B — > End(X) ® 
given by ^(fr) = p® 6 is a homomorphism of algebras which respects the right actions of 7i. Hence 
it induces homomorphisms [$£]: i?C^ (End (X) ® B) — > HC^(B). 

Theorem 1.3 Suppose X is a finite dimensional vector space endowed with the trivial right action 
xolj = e(oj)x ofrt. Then [<I' n ]: HC^(B) — > -£fC^(End(X) ® ,6) /rom Lemma \l. t A is an isomorphism 
with inverse [$~], where p is any one- dimensional idempotent in End(X). 

Proof of Theorem M.iA The demonstration is similar to the proof in the non-equivariant case: 
Recall [El Corollary 2.2.3] that the I.BS'-sequence of Connes implies that if a morphism of cocyclic 
objects induces an isomorphism for Hochschild cohomology then it also does so for cyclic coho- 
mology. Since $ p o \£ = i already on the level of complexes, it is therefore enough to show that 
\E r o $ p induces the identity map on Hochschild cohomology. Thus it suffices to show that VP o $ p 
is homotopic to the identity regarded as a morphism of (C^(End(X) ® B), b). Let 
basis in X with corresponding matrix units mjj € End(X). We may assume that p = m\\. Then 
[Ll Theorem 1.2.4] the required homotopy h n : C^ +1 (End(X) ® B) -> C£(End(X) ® B) is given by 

h n = E"=o(- 1 ) i/l ™' where 

(h]f)(io ® (T ® 6q) ® • • • ® (T„ ® 6 n )) = (T ) kokl (Ti) klk2 . . . (Tj) kjkj+1 x 

feo,— ,fcj+l 

x/(w ® (m fco i ® 6 ) ® (mn ® 6i) ® . • • ® (mn ® fy) ® (m Xkj+1 ® 1) ® (T j+ i ® 6 i+ i) ® . . . ® (T n ® &„)) 
and Tjj stand for matrix coefficients of T. 

■ 

The following corollary is a standard consequence of Morita invariance. It is obtained by 
considering two embeddings b \— > mn ® 6, 6 i— > 77122 ® 6 of ,8 into Mat2(C) ® £> = Mat2(£>) and the 

automorphism Ad ^ ^\ of Mat2(23). 

Corollary 1.4 Lei 6 6e an invertible H-invariant element of B. Then the automorphism Adb 
induces the identity map on HC^(B). ■ 
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2 K-theory 



We make the same assumptions on (H, A) and B as in the previous section. 
2.1 Equi variant K-theory 

By an W-equivariant £>-module we mean a vector space with 7Y-module and £>-module structures 
compatible in the sense that 

(xb)<u> = (x<ujrty)(b<LUm). 

Equivalently, equivariant modules can be considered as (B x 7i)-modules, where the crossed product 
B xi H is the algebra with underlying space B ®7i and product 

(b (gi uj)(c <g> 77) = 6(c<6' _1 (c<j( 1 ))) <g u){q)T]. 

In the sequel we will always write bu> instead of b © u whenever we mean an element of B x TL. The 
identities 

ujb = (b<\S~ l (uj(i}))(jJ(fy and boj = uj^(b<hj^) 

in /3 xi 7i are easily verified. 

Let C-)-c(B) be the full subcategory of the category of (B xi H)-modules consisting of those 
modules which are isomorphic to X®B for finite dimensional (as vector spaces) right W-modules X. 
As before, we consider X © B as a right W-module with tensor product action, while the B- 
module structure is defined by the right action of B on itself. Furthermore, let Cji(B) denote the 
associated pseudo-abelian category, that is, the category of modules isomorphic to X p = p(X <g> B) 
for idempotents p G End B>!in (X © B). Note that for T G End B (X ® B) = End(X) (g B we have 
T G End-u{X^)B) if and only if T is 7i-invariant. Thus End/3 xift(X©£>) is the algebra of W-invariant 
elements in End(X) © B. 

Let Kq 1 (B) be the Grothendieck group of the category C-n(B). More concretely, consider all 
possible W-invariant idempotents p G End(X) (g £>. Say that two such idempotents p G End(X) (g /3 
and p' G End(X') (g /3 are equivalent if there exist W-invariant elements 7 G Homc(X,X') (g £> 
and 7' G Homc(X',X) (g such that 77' = p' and 7^ = p. Note that Homc(X, X') <g £> can be 
considered as a subspace of End(X © X') (g /3 and as such is endowed with a canonical 7Y-module 
structure. The set of equivalence classes of W-invariant idempotents is an abelian semigroup in a 
standard fashion. Then Kff(B) coincides with the associated Grothendieck group of this semigroup. 

Recall also that if for two 7Y-invariant idempotents p G End(X) (g£> and p' G End(X') ®B there 
exist H-invariant elements 7 G Homc(l, X 1 ) (gS and 7' G Homc(l', X) (g/3 such that 77' = p' and 
I'l = P-, then, if we consider p and p' as elements of End(X © X') <g /3, there exists an H-invariant 
invertible element 70 G End(X © X') © B such that 70P70" 1 = p' ■ Namely, put 

_ ( 1 - v pi'p' \ 
1q ~\p'ip i-p'J- 

Hence we can equivalently define K^(B) as the Grothendieck group of the semigroup of equiv- 
alence classes of W-invariant idempotents with the equivalence relation generated by similarity 
(two idempotents p and p' are called similar if there exists an invertible 7Y-invariant element 
7 G Homc(X, X') © B such that 7P7 _1 = p') and the condition p ~ p © 0, where we think of 
p © as living in End(X © X') © B. 

To define Kl i (B), consider invertible elements u G End/3 ^(y), where Y is an object in the 
category Cu{B). Then K] i (B) is by definition the abelian group generated by isomorphism classes 
of such u satisfying the following relations: 
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(i) [u] + [v] = [uv] for u,v G End B><w (y); 

(ii) [ui] + [u2] = [u] whenever there exists a split exact sequence 

o — >y 1 -Uy y 2 — > 

with u\ G EndBx-^(Yi), U2 € EndsxTi^) an d « G Endg>^(y) such that m = iui and u 2 j = ju. 

The relation (ii) can be rewritten as follows. Given invertible 7Y-invariant elements Ui G 
End(Xj) <g> B, i = 1, 2, and an 7^-invariant element T G Homcp^, Xi) <g £>, we have 



( Ul 






u 2 J 



Note also that if we use C-n(B) instead of Cu{B) in the definition of Kl i (B), we get exactly the 
same group. 

If H is semisimple, which in particular implies that it is finite dimensional, we can equivalently 
describe the category Ch(B) as the category of f.g. (finitely generated) projective (B x H)-modules. 

Theorem 2.1 Suppose 7i is semisimple. Then there exist bijective correspondences between 

(i) the equivalence classes of Tl-invariant idempotents in End(X) (g B, where X ranges over all 
finite dimensional TL-modules; 

(ii) the isomorphism classes of H-equivariant f.g. projective right B -modules; 
(in)the isomorphism classes of f.g. projective right (B x 7i)-modules. 

In particular, K^{B) ^ K (B x H) and K^{B) = K\(B x H). 

Proof. For any 7Y-invariant idempotent p G End(X) <g> B we have already seen that X p = p(X (g B) 
is an 7Y-equivariant f.g. projective right /3-module. It is furthermore clear that two idempotents 
p G End(X) (g B and p' G End(X') (g are equivalent if and only if X p and X' p , are isomorphic as 
W-equivariant /3-modules, or as (B x W)-modules. So to prove the theorem we just have to show 
that 

(a) X p is a projective (B x W)-module; 

(b) any W-equivariant f.g. projective right £>-module is isomorphic to X p for some X and p; 

(c) any f.g. projective right (£> x 7Y)-module is isomorphic to X v for some X and p. 

Since X v is a direct summand oiX®B, in proving (a) we may assume p = 1. By semisimplicity 
X is isomorphic to a finite direct sum of modules qiH, . . . , qnH for some idempotents q±, . . . , q n G H. 
Thus we may assume X = qhi for some idempotent q G H. The map qH®B — > q(B»7i), uJ®b i— > wfe, 
is an isomorphism with inverse obtained by restricting the map £>x7Y^7Y(g/3, W(q) ®&<lW(i), 

to (/(£> x Thus X p is indeed a f.g. projective (B x W)-module. 

To establish (b) consider an W-equivariant f.g. projective right £>-module Y with generators 
yi, ... , y n . Set X = t/i^W + . . . + y n <7i. Then X is an 7Y-module which is finite dimensional as 
a vector space. The map T:X®B ^ 7, x (g 6 i— ► x6, is a surjective homomorphism of (0 x 7i)- 
modules. Since y is a projective /3-module, there exists a £>-module map T':Y —> X ® B such 
that XT' = l. By semisimplicity there exists a right integral 7/ in H (that is, an element such that 
rjLO = e(uo)rj for any u G H) such that e(r/) = 1. Replacing T' by T'-^r/ = 7rx®B(^(o))X'7ryS'~ :L (7i( 1 )), 
it is clear that we can assume that X" is also an H-module map. Then Y = X p with p = T'T. The 
proof of (c) is similar, but shorter since T' from the beginning can be chosen to be a (B x W)-module 
map. 

The established bijective correspondences immediately imply K^(B>) = Kq(B x 7i). Since every 
exact sequence of projective modules is split, the result for K\ also follows. 
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2.2 Pairing with cyclic cohomology 

Let R(Tt) be the space of "^-invariant linear functionals on TL. As before, we consider the action 
t]<lo = S ,_1 (tj(o)) 7 ? a; (i) of H on itself. 

Theorem 2.2 There exists pairings 

(•,•>: HCff(B) x K${B) -> R(H) and (•,•): HC^ +1 {B) x K?(B) -» R(H), 
such that for f € C^(B) and p & End(X) ®B we have 

([f),\p))(u;) = (y 2n f)(u J ®p®...®p), 
and such that for f S C^ +1 (B) and u € End(A) B we have 

([/], = (* 2n+1 /)(^ ® (u^ 1 - 1) ® (« - 1) ® ■ ■ ■ ® (u- 1 - 1) ® (u - 1)), 

where is the map defined before Lemma \l.2L 

Proof. The proof can be reduced to the non-equivariant case as follows. First observe that the 
quantities (f,p)(uj) = (^ 2n f)(u) ® p (g) . . . ® p) and 

(/, u)(w) = (^ 2n+1 /)(^ ® - 1) (8 (« - 1) ® . . . ® - 1) (8) (u - 1)) 
remain unchanged if we replace p by p © and u by m ® 1. Secondly note that the relation 

(/,«i>(w) + (/,« a >M = (/,(o 1 

follows from (f,uv)(u) = (f,u)(u) + (f,v)(uj), because ^ ^ = f ^ M ^\ T ) and 

(f,u)(u) = 0, whenever (u — l) 2 = 0, due to the condition t2n+i/ = —f- 

By substituting B with End(X) (g> B it is thus enough to show that (f,p)(uj) and (f,u)(u) 
depend only on the cohomology class of /, the similarity class of p £ B^ and the isomorphism class 
of u € and that (f,uv)(ui) = (f,u)(u) + (f,v)(uj) for invertible elements u and v in Now 
for a fixed w£W consider the morphism u*: C^ i (B) — > C'{B H ) of cocyclic objects given by 

(w*/)(&o ® • • • ® = /(w <8 feo ® • • • ® 6n) 

for / G Cfy(B). Then (f,p)(u>) = (u>*f,p) and {f,u)(ui) = (uj*f,u), so the result follows from the 
analogous result in the non-equivariant case jUj. 

■ 

Note that the proof in C implies even a stronger result that HC^ +1 {B) pairs with if^(23)/ 
where ~h is the equivalence relation given by polynomial homotopy. 

Suppose now that we have a group-like element p of ft. Consider the twisted cyclic cohomology 
HCq (B) of B introduced in |KMTj . where 9 P is the twist automorphism of B given by p (b) = b<p. 
More generally, for any finite dimensional right 7^-module X consider the twist automorphism 
9x,p = Adnx(p) ® p on End(X) ® B. As in Subsection 11.31 we can construct a map 

HCl(B) -> FC^ p (End(X) © B) 

given by 

(*"/)((T <8> fe ) ® . . . ® (T„ ® fe„)) = /(fe ® . . . ® fe n )Tr(7rx(p _1 )To • • • T„). 
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Using this map we get a pairing 

given by ([/],[p]) p = (^p n /)(p®( 2n+1 )) . On the other hand, there exists a map HC^(B) — > 
HCq p (B) determined by 

(p*<fi)(bo ® • • • (8> 6 n ) = 0(p ® &o ® • • • ® b n ), 
and such that the following diagram 

HCff(B) x Kff(B) -H 

P* j p* I 

HC$?(B) x Ktf(B) ^ C 

commutes, where p*:R(TL) — > C is the evaluation map = /(p). This diagram is particu- 

larly interesting for Hopf algebras which admit a modular element p. We shall return to it in 
Subsection 13.21 



3 Compact quantum group actions 
3.1 Extending the formalism 

So far we have only considered Hopf algebra actions. The theory does however apply to more 
general contexts, notably to the case when 7i is the algebra of finitely supported functions on a 
discrete quantum group. As explained in Introduction this is in fact the main motivation for the 
present work, and the purpose of this section is to extend our results to this setting. 

Throughout this section (A, A) denotes a compact quantum group in the sense of Woronowicz, 
and a: B — > A® B denotes a left coaction of (A, A) on a unital C*-algebra B. We shall follow 
notation and conventions in |NT| with the only exception that we replace p by p~ l . In particular, 
we assume that (A, A) is a reduced compact quantum group, so the Haar state <p on A is faithful. 
The coaction a is assumed to be non-degenerate in the sense that (A g> l)a(B) is dense in A ® B. 

The dual discrete quantum group (A, A) has a canonical dense *-subalgebra A, which can be 
considered as the algebra of finitely supported functions on the discrete quantum group. The 
elements of A are bounded linear functionals on A. Thus the coaction a defines a right action of 
A on B given by 

b<u> = (u <8) i)a(b). 

Set B = B<A. The assumption on non-degeneracy ensures that B is a dense *-subalgebra of B 
such that a(B) C A <S> B and B<A = B, where A C A is the Hopf *-algebra of matrix coefficients 
of irreducible unitary corepresentations of (A, A). 

The *-algebra A is isomorphic to the algebraic direct sum (B s eiB(H s ) of full matrix algebras 
B(H S ), where I denotes the set of equivalence classes of irreducible unitary corepresentations of 
(A, A). The comultiplication A restricts to a *-homomorphism 

A: A -> M(A ® A) = Yl B ( H s) ® B(H t ). 

s,tei 

If A(lo) = (u) s t)ste.ii then the matrix (uj s t) s ,t has only finitely many non-zero components in each 
column and row. This together with the property B<A = B shows that expressions like bi<U(p\ (8 
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&2 <lw (i) make sense as elements of B B. It is then straightforward to check that all the results 
and notions from the previous sections remain true for B whenever (TC, A) is replaced by (.A, A). 
Even Theorem 12.11 which is not directly applicable since A is not semisimple, has an analogue in 
this context, as will be shown in Subsection 13.31 below. 

Remark that if (A, A) is a q-deformation of a compact semisimple Lie group G, then A' = M{A) 
has a dense Hopf subalgebra, namely the g-deformed universal enveloping algebra of the Lie algebra 
of the group G. One can work with this algebra instead of A. Then our previous results do not 
require any modifications. Since this algebra consists of unbounded elements, in many cases it is 
however more convenient to work with (A, A). 

3.2 The Chern character and index formulas 

Suppose (-7T, H, F, 7, U) is an a-equivariant even Fredholm module over B. By this we mean that 7r 
is a bounded ^representation of B on a graded Hilbert space H = H_ ©-£/+, that F is a symmetry 

on H (F = F*, F 2 = 1), that 7 = ( ^ ^\ is the grading operator for which F is odd and 

n(b), b G B, is even, and that the commutator [F, n(b)} is a compact operator on H for each 
b G B. Furthermore, the element U 6 M(A K(H)) is a unitary corepresentations of (A, A), so 
(A i)(U) = U13U23, which commutes with 1 i 7 and with 10 7, and 

U(t,®ir)a(b) = (I0 7r(6))i7. 

The corepresentation U defines a bounded ^representation of A on H by ttu{oS) = {oj®l){U). Recall 
that a Fredholm module (tt,H,F) over B is called (2n + l)-summable if [F,ir(b)] G C 2n+1 (H) for 
any b G B, where C 2n+1 {H) is the Schatten (2n + l)-class. Then we can define 

(j, F {uj ®b G ®...® b 2n ) = ^^Tr(7vr C /(a;)F[F,7r(6o)] . . . [F,7r(6 2 n)]). 

The identity C/(t 7r)a(6) = (1 ir(b))U implies TTi/(uj^)7r(b<\uj^) = 7r(&)7T[/(u;). It is now easy to 
see that <j)p is a cyclic cocycle and thus defines an element of HCj^(B). 

Suppose p G B is a A-invariant projection, and define projections p + = ^(1 + j)tt(p) and 
P- = ^(1 — 7)vr(p). Then p-Fpy.p^H^. — > p-H- is a Fredholm operator. Since F, 7 and 7r(p) 
all commute with the algebra 7Tu(A), the finite dimensional spaces Kev(p_Fp + ) and Im(p_i ? p + ) J ~ 
are A- invariant. Denote by tt + and 7f_ the finite dimensional representations of A on Ker(p_Fp + ) 
and Im^-FjL).)- 1 -, respectively, given by restriction. Define 4>±(u>) = Tr(7T-|-(u;)) and (lnd.F p)(u>) = 
4>+{oj) — 4>-(uj). Note that if a; is a sufficiently large projection in A, then 

(Indi?p)(u;) = dim7r + — dim7r_. 
Theorem 3.1 We have (Indi?p)(o;) = ([4>f], [p])(^)- 

Proof. The proof is analogous to the one in [2], and is based on the fact that if r is trace on an 
algebra, then r((p — p') 2n + 1 ) = T (jp — p'^ for any two idempotents p and p' and any n G N. 

■ 

Consider now a finite dimensional unitary corepresentation V G A B(Hy) of (vl, A). Set 
U = U13V12 G M(yl K {H v iJ )) and consider the coaction ay of (A, A) on B{H V )®B given by 

ay(T 6) = (V* 1)(1 T l)a(6)i 3 (^ 1). 

Then (t 7r, i/y 77, 1 F, 1 7, U) is an ay-equivariant even Fredholm module over B{Hy) /3. 
For any ay -invariant projection p G B{Hy) £>, we define Indi?p as above. Note that the right 
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action of A on B(Hy) ® B corresponding to ay in the sense that x<suj = (u> ® t)ay(aj) is precisely 
the action introduced in Lemma ll.ll where Hy is the right ^-module with action £<u; = iryS(uj)£. 
Indeed, 

(uj0t)a v (T<g)b) = (lu®l®l)((V* ®l)(l®r®l)a(6)i 3 (V®l)) 

= ((w (0) ® t)(V*) ® 1)(T ® 6<w (1 ))((w ( a) (8) t)(V) ® 1) 
= 7ryS'(a;(o))r7rv(a;( 2 )) ® b<w ( i). 

Thus p defines an element of K^(B) and we get a homomorphism Indp ■ K^(B) — ► R(A). The 
cocycle corresponding to the Fredholm module (i ® tt, Hy ® iT, 1 ® F, 1 ® 7, U) is exactly \E ,2n 0j?. 

Hence Ind F = <[<£f],-) on Jf^(B). 

Recall now that there exists a canonical element p G M{A) such that A(p) = p ® p and 
S" 2 (w) = p~ x uop. Then in the above notation (Ind^pXp) = 4>+{p) — 4>-{p) is nothing but the 
difference between the quantum dimensions of 7r+ and 7T_. We denote this quantity by q— Ind^p 
and think of it as a quantum Fredholm index of p^Fp + . 

We say that an a-equivariant Fredholm module (ir, H, F, 7, U) over B is (2n + 1, p)-summable if 

7T[/(/9) 2(2^+iJ I [F, n(b)] \nu (p) ^+1) G£ 2n+1 (ii) 

for any b & B. Under this condition q—lndp = ((f> f, •}„, where ifrp G HCg n (B) is the twisted cocycle 
given by 

(-D n 

<P F (b ® . . . ® 6 2n ) = — Tr(7F[F, vr(6 )] ■ ■ ■ [F, 7r(6 2n )]7r c/ (p)). 

As will be shown elsewhere, the quantum index is much easier to compute than the usual one and 
the equivariant index Indir . 

3.3 Julg's theorem 

We have shown how an a-equivariant Fredholm module gives rise to an index map on equivariant 
iT-theory. In the rest of the paper we address the question of how to compute the if-theory. First 
we shall obtain an analogue of Theorem 12.11 and thus extend the result of [J] to compact quantum 
groups. 

Equivariant If -theory for coactions of arbitrary locally compact quantum groups was defined 
in |BSlj . While the general case requires if if -theory technique, the case of compact quantum 
groups can be handled using the simple-minded definition in Subsection l2,ll Thus we define K${B) 
as the Grothendieck group associated with the semigroup of equivalence classes of all ^-invariant 
projections in B{Hy)®B for all finite dimensional unitary corepresentations of V of (A, A) (in view 
of |BST] this group should rather be denoted by K${B)). Since (B(Hy) <g> B)<A = B(Hy) <g> B, 
by definition K£{B) = K^(B). We shall now describe Kq-(B) in terms of a-equivariant Hilbert 
.B-modules. 

By an a-equivariant Hilbert -B-module we mean a right Hilbert -B-module X together with a 
non-degenerate continuous linear map 6:X — > A ® X (here we consider A ® X as a right Hilbert 
(A(B)B)-m.od\i\e, and non-degeneracy means that 6(X)(A®1) is dense in A®X) such that (A®t)<5 = 
(l ® 8)5 and 

(i) s(&) = 8(£)a(b) for f G X and b G B; 

(ii) <*(&), «(6))a®b = ««6,6> B ) for 6,6 G X. 

If V G A®B(Hy) is a finite dimensional unitary corepresentation of {A, A) and p G B(Hy)(&B 
is a .4-invariant projection, then Hy p = p(Hy ® B) is an a-equivariant Hilbert -B-module with 

<y(C®&) = (V*®l)(l®£®l)a(6)i3 and (6 ® 61, 6 ® 62) = (6,£lK&2- 



11 



Lemma 3.2 Any a-equivariant f.g. Hilbert B-module X is isomorphic to Hy p for some V and p. 

Proof. The coaction 5 defines a right action of A on X, £<cj = (u> ® By non-degeneracy X<A 

is dense in X. Since X is f.g. as a -B-module, we can find a finite number of generators in X<A, 
cf jj]. Since £<A is a finite dimensional space for any £ E Xo^4, we conclude that there exists a 
finite dimensional non-degenerate ^4-submodule Xq of X such that XqB = X. There exists a finite 
dimensional unitary corepresentation V £ A ® B(Hy) such that the right ^4-modules fly and JQ) 
are isomorphic. Fix an isomorphism To: Hy —* Xq and define T: Hy<S>B — > X by T(££ED6) = (To£)6. 
The mapping T is a surjective morphism of -B-modules. Since fly (8) 5 is a f.g. Hilbert -B-module, 
it makes sense to consider the polar decomposition of T*, T* = u\T*\. Then \T*\ is an invertible 
morphism of the -B-module X, and u: X — * Hy ® B is a -B-module mapping such that u*u = t. 
Property (ii) in the definition of a-equivariant Hilbert modules together with non-degeneracy ensure 
that T* is a morphism of a-equivariant modules, hence so are |T*|, u = T*\T*\ and u*. Thus u 
is an isomorphism of the a-equivariant -B-module X onto Hy iP with p = uu* . 

■ 

Thus i^(fl) can equivalently be described as the Grothendieck group of the semigroup of 
isomorphism classes of a-equivariant f.g. Hilbert -B-modules. Note that K^(B) as defined in BS1 
is identical to K\ of the Banach category of a-equivariant f.g. right Hilbert -B-modules [K]. To get 
the pairing with cyclic cohomology, one needs a continuous version of equivariant cyclic cohomology, 
but we shall not discuss this any further here. 

Consider the C*-algebra crossed product By>A, that is, the C*-algebra generated by a{B)(A®l), 
where we consider A and A as subalgebras of B(l? (A, </?)). Note that as A is non-unital, the 
algebra B should be considered as a subalgebra of M{B x A). As before, we write just buj instead 
of a{b){tu (g) 1). This notation agrees with the notation introduced earlier in the sense that B x A 
becomes a dense *-subalgebra of B x A. In the proof below we denote by B s the spectral subspace 
of B corresponding to an equivalence class s of irreducible unitary corepresentations of (A, A), so 

B s = B<B{H S ) = B<I„ 

where we identify A with (BteiB(Ht) and where I s is the unit in B{H S ). 

Lemma 3.3 We have (B x A){B x A)(B x A) C B x A. 

Proof. Let p be a central projection in A. It is enough to prove that p(B x A)p C B x A. Suppose 
a net {x n } n in B x A with px n p = x n converges to an element x € B x A. Fix a basis u±, . . . , oj m 
in Ap. Then x n = ^ bi(n)u>i for some 6j(n) € £>. Since 

X n =px n = ^(6i(n)<]S'~ 1 (p( 1 )))p(o)Wi, 
i 

we may assume that there exists a finite set F of equivalence classes of irreducible unitary corep- 
resentations of (A, A) such that bi(n) G (B S £fB s for all n and i. Namely, if p = ^2 te p then for 
F we can take the set of irreducible components of t\ x t<i for t\,t<i E Fq. Fix matrix units m^ fc 
in B(H S ), and let u| fc G .4 be the corresponding matrix coefficients. Then there exists uniquely 
defined elements bf(n), bfj k (n) £ £> s such that 6«(n) = ^2 s£ pbf(n) and 

By assumption the net 

m 

a{bi{n)){ui ® 1) = Yj u Jk^ ® 

j sG-F i=l 
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converges in K(L 2 (A, (p)) ® B. Since the map A <8> A — > K(L 2 (A, (p)), a <8> cj i— > aw, is injective, we 
conclude that the nets }n converge in B for all s,i,j,k. Then bf(n) = k £ ( u jk)^ijk( n ) 

converge to elements bf € B s , so x = ^ s ^ o*u;j is an element of B x A 

■ 

Let V be a finite dimensional unitary corepresentation of (^4, A) and p G B(Hy) ® B a, A- 
invariant projection. As in Subsection 12. II we can consider X p = p{Hy ® B) as a (B x _4)-module. 
The same argument as we used there shows that it is isomorphic to a f.g. projective (B x .4)- 
module q{B x A) n for some idempotent q € Mat„(£> x A). More precisely, if V = V s is irreducible 
and p = 1, then for q we can take any one-dimensional idempotent in B(H S ) C A. Conversely, if 
q € Mat„(£> x .4), then there exists an idempotent em A such that g(l<8)e) = q in Mat n (C)® (£> x„4). 
Then the (B x ,4)-module g(S x A) n is a direct summand of the module {e(B x A)) n = {eA <8> B) n , 
so it is of the form X p for some V and p. We can now consider q as an idempotent in Mat n (I? x A), 
so the corresponding projective (B x A)-module is just X p (B x A). Given two ^-invariant 

projections p € B(Hy) <g) and p' € B(Hyi) tg) £>, it is clear that they are equivalent if and only if 
the a-equivariant modules Hy tP and Hy> tP i are isomorphic, if and only if the (B x .4)-modules X p 
and X p / are isomorphic, if and only if the corresponding idempotents q and q' in U ne ^Mat n (B x .4) 
are equivalent. But according to Lemma f3.3l equivalence of idempotents in U„ £ NMat n (S x A) is 
the same as equivalence of idempotents in L) n( zfqM.at n (B x ^4). We summarize this discussion in the 
following theorem. 

Theorem 3.4 There are bijective correspondences between 

(i) the isomorphism classes of a-equivariant f.g. right Hilbert B -modules; 

(ii) the equivalence classes of A-invariant projections in B(Hy) ®B for finite dimensional unitary 
corepresentations V of (A, A); 

(in) the equivalence classes of idempotents in U ne NMat n (£> x A); 
(iv)the equivalence classes of projections in K(l 2 (N)) <S> (B x A). 
In particular, K$(B) = K${B) K (B x A) = K (B x A). 

Proof. The bijective correspondences are already explained. It remains to note that though the 
algebras BxiA and BxiA are in general non-unital, we can choose an approximate unit {e n } n in 5xA 
consisting of central projections in A, so that Kq(B x A) and Kq(B x A) can be described in terms of 
idempotents in U mg NU n Mat m (e„(B x i)e n ) = U me FjU n Mat m (e n (Z? X A)e n ) = U me NMat m (£> x A). 



3.4 Equivariant vector bundles on homogeneous spaces 

In this section we consider quantum homogeneous spaces and prove an analogue of the geometric 
fact that an equivariant vector bundle on a homogeneous space is completely determined by the 
representation of the stabilizer of some point in the fiber over this point. It seems that in the quan- 
tum case such a result is less obvious than in the classical case, and we deduce it from Theorem 13. 41 
combined with the Takes aki-Takai duality. 

We consider a closed subgroup of (A, A), that is, a compact quantum group (Aq,Aq) together 
with a surjective *-homomorphism P: A — > Aq such that (P <8> P)A = AqP. Consider the right 
coaction Ar: A — > A ® Aq of (Aq, Aq) on A given by A#(a) = (i (S> P)A(a), and the corresponding 
quotient space B = A Ar = {a € A | Ar(o) = a (g) 1} together with the left coaction a = A\b- B — ► 
A ® B of (A, A) on B. Denote by Irr(j4o, Aq) the set of equivalence classes of irreducible unitary 
corepresentations of (Aq, Ao). For each t £ Iit(Aq, Aq) fix a representative V € Aq £ED B(Ht) of this 
class. On H t ® A define a right ^4o-comodule structure by 

S t : H t ® A -» H t A <g> A , 5 t {£ <g> a) = V&(£ ® 1 ® 1)(1 ® A fl (a)). 



13 



The comultiplication A induces also a left A-comodule structure on H t ® A by 
5: H t ® A -> A ® iT 4 ® A, <5(£ ® a) = (1 ® £ ® l)A(a)i 3 . 

Set 

X t = (F t ® A) 5 ' = {x G iT t ® A | 6t(x) = x ® 1}. 

Since (5 ® i)St = (t ® <5t)<5, the projection i£ t : .B t ® A — > X t , E t = (t ® y>o)St, has the property 
= (i ® £-t)<5, so 5 induces a structure of an a-equivariant right -B-module on X t . Here y>o 
denotes the Haar state on Ao- To introduce a -B-valued inner product on it, consider the conditional 
expectation E: A — > -B given by £7 = (t ® </?o)Ar. Then set 

(6®oi,6®02) = (6,6)^Ka 2 ). 
Lemma 3.5 XYie module Xt is an a-equivariant f.g. right Hilbert B-module. 

Proof. Consider the left action of Aq on A given by u»a = (i® u)An(a). Let A 4 = B(Hj)>A be the 
spectral subspace of A corresponding to t. Equivalently A t can be described as the linear span of 
elements (i® ipo(u-))Aji(a) , where a € A and u is a matrix coefficient of V*. Since = E t (H t ®A), 
it follows that C Ht® At. Thus it is enough to prove that At considered as a -B-module with 
inner product (01,02) = E(a\a2) is a f.g. right Hilbert S-module. 

To check that At is complete, choose matrix units in B(Hi) and consider the corresponding 
matrix coefficients u« for V*. Then define -B-module mappings Ey-.At — ► At by letting Em (a) = 
eij>a, so 

Afl(a) = y^ffjj(a) (8)%. 

The orthogonality relations imply that the -B-valued inner product (01,02)' = YlijEij(a*)Eij(a.2) 
defines an equivalent norm. Since a = ^ • eo{vij)Eij(a) for a £ A t , where £0 is the counit on .Ao, it 
follows that the topology on At is the usual norm topology inherited from A. Thus At is complete. 

It remains to show that At is finitely generated. This is, in fact, known (see e.g. [D] for a 
more general statement), but we include a proof for the sake of completeness. Since Ajf = Af, it 
is enough to show that At is finitely generated as a left -B-module. Let U € A® B(H) be a finite 
dimensional unitary corepresentation of (A, A). Then (P ® i>)(U) is a unitary corepresentation of 
(Ao,Ao). We can decompose it into irreducible ones, and then the image of the space of matrix 
coefficients of U under P is precisely the space of matrix coefficients of those irreducible unitary 
corepresentations. Since P(A) is dense in Ao, using orthogonality relations, we conclude that there 
exists an irreducible unitary corepresentation U such that V 1 is a subcorepresentation of (P®t)(£Z). 
Thus we can identify Hi with a subspace of H and complete the orthonormal basis £1 , ■ ■ • , Cm i n 
Hi to an orthonormal basis £1, ... ,£ n in H. Consider the corresponding matrix coefficients Uij, 
1 < i,j < n, of U. Then P(uij) = Vij for 1 < i,j < m, so the elements fry = u„-, 1 < i < n, 
1 < j < m, lie in A t . We claim that they generate A t as a left B-module. Indeed, for a £ A t set 

m 

Ojj = ^2 E kj(a)b* k , 1 <i <n, 1 < j < m. 
k=X 

Since A R (E kj (a)) = Y!£=i E pj(. a ) ® ^pfc, we get 

A R (oij) = (-Kpj(o) ® v pk )(u* iq ® = ^£ pj (a)ii* p ® 1 = ® 1, 

fc,p,q=l p=l 
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so ciij G B. Then we compute 

n m n m m 

Y Y ai i hi i = Y Y E kj( a ) u ik u ij = Y E ^( a ) = T ^ a = a - 

i=l j=l i=l j,k=l j=l 

■ 

Now we can formulate the main result of this subsection. 

Theorem 3.6 Any a-equivariant f.g. right Hilbert B -module is isomorphic to a unique finite direct 
sum of modules Xt, t G Irr(Ao, Ao). 

In particular, K^-(B) is a free abelian group with basis [Xt], t G Irr(^4o)^o)- 

To prove Theorem we first realize B x A as a subalgebra of B(L 2 (A, if)). Since B C A, we can 
consider B x A as a subalgebra of A x A. Then we can apply the following particular case of the 
Takesaki-Takai duality, see e.g. BS2 . 

Lemma 3.7 The representations of A and of A on L 2 (A,ip) define an isomorphism of ^4 x A onto 
K(L 2 (A,p)). 

Specifically, the homomorphism B (L 2 (A, ip)) — » B(L 2 (A, <p) ®L 2 (A, ip)), x i— ► V(x®l)V* , sends 
ijj G A to w®l and a G A to A(a), where V = {J J ® J J ® 1), J is the modular involution 

corresponding to <p, J is the modular involution corresponding to the right invariant Haar weight 
on A, X is the flip, and W is the multiplicative unitary for (A, A) . ■ 

Thus there is no ambiguity in writing auj irrespectively of whether we consider it as an element 
of A x A or as an operator on L 2 (A, ip). 

Define a unitary Uo on L 2 (A, ip) ® L 2 (Aq, ipo) by 

^o(^®0 = A fl (a)(^®£). 

Then define a right coaction A R :K(L 2 (A,(p)) -> M(K(L 2 (A, ip)) ® A ) of (A , A ) on K(L 2 (A,(p)) 
by setting Ar(x) = f/o(x ® 1)?7q . We obviously have A#(a) = A#(a) for a G A. Since the 
representation of A on L 2 (A, ip) by definition has the property wa^ = (5' _1 (u;) (8) l)A(a)^, we see 
also that A#(u;) = oj ® 1. It follows that we can identify B xi A with (A x A) Afl . 

Choose an irreducible unitary corepresentation U G A ® B(H) such that V^* is a subcorepre- 
sentation of (P ® t)(U), and choose an orthonormal basis £i, . . . , £ n in H such that £i, . . . , £ m is an 
orthonormal basis in Ht. Let ity, 1 < i, j < n, be the corresponding matrix coefficients for U, and 
Wji, 1 < < the matrix coefficients for I/\ Fix i, 1 < i < n. 

Lemma 3.8 T/ie map ® A — > K(L 2 (A, ip)), £j ® a i— > Uijl^a, defines a right {A x A)-module 
and right Ao-comodule isomorphism of Ht ® A onto pt(A x „4), where pt G K(L 2 (A, ip)) is the 
projection onto the space spanned by Uij£u>, 1 < j < m. 

Proof. We have already used the isomorphisms .4. = ® -4. = Jo (.4 x ^4), where Jo £ A is the 
projection such that Iqoj = e{uj)Iq. In other words, the map A — > Io(.4. x .4), a i— > Jo^, is an (^4 x ^4)- 
module isomorphism. Note also that since Iq is the projection onto C£^, the operator w^-io is, up to 
a scalar, a partial isometry with initial space C£ v and range space Cuij^ v . It follows that the map 
in the formulation of Lemma is an injective morphism of (A x .A)-modules. Moreover, since pt is a 
linear combination of Uijlou*^, we have UyIo(A xA) C pt (A x .4) and pt(A x ^4) C Ylj UijIo(A x A). 
Thus the map is an isomorphism of the (^4 x *4)-modules Ht ® A and pt(*4 x .A). It remains to 
check that it is an ^4o- com °dule morphism. By definition we have 

<$t(& ® o) = V 3 \(^ ® 1 ® 1)(1 ® Afl(o)) = ^(£ fe ® 1 ® i>jy)(l ® Afl(a)). 
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On the other hand, 

A R (uijI a) = ^2{u ik ® v kj )(I ® l)A R (a). 

k 

Thus the map is indeed an ^4o- com °dule morphism. 

■ 

Proof of Theorem \H.f\ Consider the (B x ^4)-module xt = {H t ®A) St ■ As an immediate consequence 
of Lemma 13.81 we have xt — Pt{B x A). By Theorem 13.41 we get a f.g. a-equivariant right Hilbert 
-B-module Xt = Xt ®B B. The inclusion xt ^ -Xt induces a morphism — > Xt of a-equivariant 
f.g. right Hilbert -B-modules. This map is surjective, since by the proof of Lemma 13.51 we know 
that xtB = Xt. The map is also injective, since it is equivariant and injective on xt, and since any 
equivariant .B-module map on Xt maps Xt m to itself. Thus Xt = Xt- By Theorem 13.41 it is thus 
enough to show that any projection in K(l 2 (N)) ® (B x A) is equivalent to a unique direct sum of 
projections pt, t G Irr(^4oj Aq). 

Note that (C/o)2i £ M(A$®K(L 2 (A, </?))) is a unitary corepresentation of (Aq, Aq). Thus we can 
decompose the space L 2 (A,ip) =® t (H t ®L t ) so that (U ) 2 i = ® t (V t ®l). Then B X A ^ ® t K(L t ), 
so to prove Theorem, it is enough to show that under this isomorphism pt becomes a minimal 
projection in K(Lt). Equivalently, we must show that the restriction of (?7o)2i to ptL 2 (A, <p) is 
isomorphic to V t . This is indeed the case since in the notation of the proof of Lemma l3.8l we have 

(^o)21 (£ ® IkjZtp) = ^ V kj£ ® UikZtp- 

k 
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